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SUMMARY

The problem of an impulsively applied pressure acting on the surface of a spherical cavity imbedded in an elasto-plastic
medium governed by a bilinear stress-strain law is considered. The problem is solved by using a certain iterative finite
difference scheme which prevents almost all the numerical oscillations which usually occur in the region behind the
discontinuity at the elastic-plastic boundary, when a standard finite difference scheme is applied.

1. Introduction

The problem of spherical wave propagation produced by the application of a pressure to the
surface of a cavity in elasto-plastic material has been investigated by several authors. Hopkins
[1] gave a general review of the subject covering works published up to 1960. Friedman, Bleich
and Parnes [2] determined the response of an elastic-perfectly incompressible plastic medium to
an exponentially decaying pressure applied at the spherical cavity. This particular loading
allowed a combined analytical and numerical approach employing a special finite difference
scheme. Gargin [3] and [4] treated a similar medium using finite difference solution and series
approximation for the starting of the solution. Davids, Mehta and Jhonson [ 5] used a direct
numerical method for an elastic-incompressible plastic medium.

Mok [6] obtained the solution for perfectly plastic material using a finite difference solution
with a scheme proposed by Lax [ 7] which adds to the original equation a linear viscosity term.
As a result the discontinuity between the elastic and the plastic zones is smeared. This is also
indicated by Chadwick and Morland [8]. Recently Yang [9] studied the propagation of waves
in elastic-incompressible plastic material using the method of characteristics. In the present
paper the problem of an impulsive non-decreasing pressure acting on the internal surface of a
spherical cavity in an elasto-plastic medium is considered. The medium is assumed to behave
according to a bilinear theory in which strain hardening and plastic compressibility can be
taken into account. The constitutive equations for this theory are given by Aggarwal ez al. [ 10].
According to these equations, the motion associated with the plastic region is coupled to that
in the elastic region through the yield stresses, and this coupling reflects the intrinsic nonlinear
character of the medium. The method of the solution in the plastic region is based upon a finite
difference scheme in which an iterative procedure is used in order to remove oscillations which
are typical for numerical calculations behind strong gradients such as shock waves. In our case
these gradients occur between the elastic and plastic zones.

The present solution proves to be quite simple to apply, convenient, very effective and does
not suffer from serious smearing of discontinuities. Results are given for the radial stress for
different amounts of hardening, yielding and the applied pulse duration. The variation of
position of the elastic-plastic boundary with time for several amounts of yielding and pulse
duration is shown.

2. Statement of the Problem

Let us consider a spherical cavity of radius @ in an infinite elasto-plastic medium. The material is
considered to be isotropic, elasto-plastic with linear work hardening. The deformations are
assumed to be small. The surface of the cavity is subjected to a time-dependent pressure f(t)
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commencing at time t=0. We confine ourselves in this paper to the case of a continued loading,

so that f(t) = 0 for all t > 0. We assume that the pressure f(¢) is such that the material adjacent to

the cavity surface is at first deformed elastically and at a later time plastically.
The infinite region r > a at some time ¢ >0 is divided into the following three zones:

(1) A zone of loading a< r< a+c,t bounded by the cavity surface r=a and terminating at the
plastic wave front r =a+ c,t which moves at the velocity of the plastic waves ¢, given in the
sequal.

(2) An elastic zone bounded by r+ ¢t < r < a+at which precedes the loading zone and termi-
nates at the elastic wave front propagating at the elastic wave velocity « given in the sequal.
At the boundary between the loading and elastic zones, discontinuities take place.

(3) The zone of the medium at rest: r >a+at.

Our purpose is to find the motion of the medium at t > 0 as a result of the applied pressure on
the surface of the cavity. '

3. The Equations in the Elastic Zone

The constitutive equations at the elastic zone are given as usual by:
0= A1&u0i+ 218 (1)

where g;;, ¢;; are the stress and strain tensors, d,;is the Kronecker delta, 4, and p are the Lamé’s
constants and p is the density.
According to the stress equations:

0%u,

P32 = i (2)
the elastodynamic equations of motion for the displacement vector u are:
2
(A1 +2p,) grad div u—p, rot rotungt—zu 3)
The longitudinal and shear wave velocities are given by
N 3K1(3K1+E1)T
=[(A1+2 P
o [( 1+ .ul)/p] [ p(9K1_E1)

B=(u/p)* = [ﬁ%%r

where E, and K, are the elastic and bulk moduli respectively.
In the present case of spherical symmetry, (3) reduces (o
1 o 0* 20 2
2Tt T e )

where u=(u,, 0, 0) in spherical coordinates (r, 6, ¢) with the origin at the center of the cavity.
Before yielding takes place, equation (5) must be solved with the boundary condition:

g,=—f(@t)at r=a. (6)
4. The Equations in the Loading Zone

The plasticity equations of state, according to the bilinear theory [10] are given by:

0 = Ao &id) 0y 2p1) ()
and
out?  ou®
ROILENNS J
0x; 0x;

J

2 1

(8)
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where the super index (2) denotes quantities added in the plastic region, and A,,u, are the
Lamé’s constants for this region.

Then:
0= UE?)+U§%) ©)
g = &0+ &P (10)

where o{?, &9 denote the stress and strain tensors at the yield point which it is fixed according
to the yield condition.
The elasto-plastic equations of motion according to the stress equation (2) and (7), (8) are

given by:

2 (2)
F© (1, +2u,) grad div u'® — p, rot rot u® + FO = p 651:2 (11)
where :
F{ = 6@, (12)
The plastic wave velocities similarly to (4) are given by
N 3K,(3K,+E,) *
c,=[(A,+2 = ——= =
»= L[(A2+2p,)/p] oOK,—E,)
(13)
3K,E, *

Cs = [:uZ/p]% = p(9K2—E2)

E, and K, are the constant rate of work-hardening and the bulk modulus in the plastic region
respectively. In Fig. | the bilinear stress-strain curve in simple tension and the pressure-
dilatation curve are shown. For the special case of plastic incompressibility K,=K,. In a
perfectly plastic medium E,=0.

Figure 1. Bilinear stress-strain curve and pressure-dilatation curve.

Equations (11) show that the motion in the plastic region is coupled to that in the elastic
region through the stresses at the yield point. This coupling reflects the intrinsic nonlinear
character of the medium.

In the present case of spherical symmetry (11) reduces to

e G = L e (14
Equation (14) must be solved with the boundary condition :

o,=—f(t) at r=a. (15)
Then according to (9)

o = ~[f()+0)] at r=a. (16)
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5. The Time-Dependent Pressure

We consider the case of an impulsive pressure f(¢) applied on the internal surface of the cavity.
The function f{(t) is chosen as:

J)=A(l—e *")H(D) (17)

where H (¢) is the Heaviside step function, 1/4 is a time constant which determines the pulse
duration and A is an amplitude factor having the dimension of stress, which corresponds to the
maximum value that the pressure attains at r—oo. The function f(¢) given by (17) provides a
gradually increasing pressure as a function of the time ¢. For 4— o0, f(¢) tends to H (¢). Various
values of A provide the dependence of the elasto-plastic wave propagation upon the pulse
duration.

6. The Yield Criterion

The yield criterion appropriate to linear work-hardening according to Hill [ 11] and Hopkins
[1] is given by:

Ggg—0,=F(r,1,Y)

ou

F(r,t,Y)=Y+E, (— — + 009/3K1—Y/E1>l (18)

or

where Y is the yield stress in uni-axial tension. o,,, o4, 0u,/Cr are calculated by solving the
elastic equation (5) with the boundary condition (6). For any time ¢ >0 and radial distance
r2a, the stress difference o4—a,, is calculated by solving (5}-(6) to find whether the material
has yielded. This is indicated by the yield function F(r, t, Y) becoming equal to or greater than
zero. Before the material has yielded, F (r, ¢, Y)isnegative. For a perfectly plastic material E, =0
and the yield criterion (18) reduces to the simple form:

Ogg— Opp = Y.
7. The Solution of the Elastic Equation

The solution of (5)(6) is given by a convolution of the function g(r) = (d/dt) f (t) with the solution
U, (r, t) of (5) with the boundary condition:

Oy = _AH(t) (19)
as given by Jeffreys [12] for a=/3 . Thus:
t
urt) = J gt—1)U,(r, 1)dr . (20)
0

The result is:

a’Ade 4

g L= A4 2= a2) €. )fa

ufr,t) = A

—Cy(r, ) JH(t—(r—a)/x)
Ci(r, )= C{e™[ /2 sin \/2t; +b cos /2t;]—b}
C,(r, )= C{e"[bsin \/2t,—/2 cos \/2t;]+/2}
3a

C = % e—adia/(p24.2), t, =2(t—r+a)/3a, b=(3ad—20)/20. (1)
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8. Finite Difference Solution of the Equations in the Loading Zone

In the following we give a finite difference solution to (14) with the boundary condition (16).
The term F{ in (14) is calculated according to (12) and the elastic solution (21) at the yielding
point by employing (18).

By replacing derivatives in (14) by central differences, the displacement at time t+ At is
obtained in terms of its values at ¢ and ¢ — Ar¢:

A4
U (r, 14 A1) = kK2[U? (r+ Ar, )+ u® (r — Ar, 1) ] + k2 _rr [ul® (r + Ar, 1)~ ul? (r— Ar, 1) ]

2
—2[k2+k2 (4}) - 1} U (1, )= D, L — At)+ (A2 FO ) p 22)

where: k=c,A4t/Ar. (23)

The finite difference scheme (22) is applied at = a and therefore a fictitious point is needed at
r=a~— Ar, the values at which are calculated using the boundary condition (16) as foliows:

uP (a—Ar, 1) =[1+2(1—2c}/c2) Ar/a]uP(a, t)+ Ar [ f(t) + 0] /pc . (24)

In order to find the appropriate stability condition for the three-time levels finite difference
scheme (22), let us represent it in its equivalent two-time levels difference system as is shown in
Richtmyer and Morton [13, p. 168-170]. This equivalent scheme can be written in the form:

w(r, t+ At) = [Q(4t)+ 4t -Q,(At) ] w(r, t) (25)
where
U (r
w(r, 1) = ( ;(}i ’t)t)>, u(r, t— At) = x(r, 1)

Q (4t)is the difference operator due to the second order derivative in r in (14) (the principle part),
and Q, (4t) represents the remaining terms.

According to Kreiss perturbation theorem [13,p.58], the difference system (25) is stable if
the system:

w(r, t+ 4t) = Q(4At)w(r, t) (26)

is stable, provided that Q, (4¢) is bounded.
Thus the stability condition for (22) can be founded by treating the principle part in (14) i.e.:
1 o 02

u? = —— »
¢} or or? (27)

This is known [13,p.260-263] to be stable according to von Neumann, with the condition:
c,AtjAr= 1. (28)

The finite difference scheme (22-24) is applied with E,=0.5 E,, K,=0.6 K,, Y/4=0.2,a4/a=1
and with a grid of Ar=a/100, A4t =a/200a. The results for g,, as a function of the radial distance r
are shown on the top of Fig. 2 at various times t. Nerve oscillations exist which begin near the
shock front of the plastic wave. These oscillations are typical for numerical calculations behind
strong gradients such as shock waves.

Mok [6] used a finite difference scheme proposed by Lax [7] which adds to the original
equation a linear artificial viscosity term, and as a result the discontinuities between the
loading and elastic zones are smeared and indistinct, which is an obvious disadvantage of the
scheme.

Recently Abarbanel and Zwas [14] applied an iterative finite difference scheme to the
problem of one dimensional time-dependent flow of a compressible gas in order to handle
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discontinuities such as shock waves. They obtained monotonic profiles for almost all the cases
they tested. Let us modify and apply their iterative method to our second order finite difference
equation (22) in the following way:

Let v(r, t)=u{®(r, t) and

Llo(r, )] =k*{v(r+4r, )+ v(r—Ar, 1)} + k? ? {v(r+Ar, t)=v(r—A4r, 1)} +

2
—2k2{1 + <4rr> } v(r, 1)+ (41 F?/ p (29)

Then (22) can be written in the form:
v(r, t+ At) = 2v(r, t)—v(r, t— A1)+ L[v(r,1) ] (30

Let us consider now instead of (30) the following iterative scheme in which the nth iteration
" 1s obtained by:
Pr, t+ At)=2v(r, t)—v(r, t— A1)
+{wsL[v" (r, t+ A1)+ w,L[o(r, )]+ w, L[v(r, t— A1) ]} /(wy +wo+ws)  (31)
where n is the order of the iteration, n=1, 2, ..., N; w; are weight factors, and °(r, t + 4t) is
defined by :
VO (r, t4 A1) = v(r, t+ At) (32)

where v(r, £+ At) is given by (30).

Actually (30-31) can be regarded as predictor-corrector, where (31) serves as the corrector
and is applied several times each of which uses the results of the former steps. We choose weight
factors w; in (31) as; w;=—1, w,=w; =1 which lead to the best results.

E,20.5E, Xp=0.5K, Y/Az02 An/asi0

0.2,
’7 at/g=0.5

—0.2- @i/as1.0

at/a=0.8

~0.2~ ar/a=1.0

Figure 2. Radial stress variation with distance at various times, computed by the difference scheme (22) and (24) (top).
Radial stress variation with distance, computed by the iterative scheme (31) and (24) (bottom).

The bottom of Fig. 2 shows the results with N=1, i.e., one iteration only. It is seen that the
one iteration is highly effective in removing the oscillations, and does not have the disadvantage
of serious smearing of discontinuities. Applying two iterations (N =2) gives results which are
good as the results from the one iteration only, and up to the scale of the plot they are indis-
tinguishable. In the sequel all the results are given with N=1.

Let us carry out the stability analysis of the iteration procedure with N = 1. From (31) we get :

v (r, t4+ A8) = [24(0,+205) L+ 05 17 v(r, £)+ [ (0, — 03) L— 1] v(r, t — A1) (33)

where: 6;=w,;/(w, +w,+w3), (i=1.2,3).
We take again the principle part of (14). According to von Neumann let:

v(r, t) = voem1 A&l (34)
where r=mAr, t=jAt. Then (33) reduces to:
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£—24,(4+B;=0 (35)
where :
A;=1~2(20346,)y+805y> (36)
By =1-4(0;—0,)y (37)
V|
y=k? sinzn—z—r, k=c,At/Ar (38)

For stability, |£] <1 and therefore |4,] <1 and |B;| = L.
This implies that:

03201, 0320, (CpAt/Ar)2§05/(03—91), (CpAt/Ar)2§(293+92)/491 . (39)
As stated above, the best results are obtained with w; = —1, w,=w3 =1, which clearly satisfy
these conditions for stability if :

cp At/Ar<%. (40)

9. Discussion

In Figs. 3-7 some results for the radial stress at different times are given for various values of the
plastic parameters E,, K,. The effects of various values of yielding Y and time constants 1/4
are given, and the corresponding elastic-plastic boundaries are shown. In these figures the
parameters are chosen such that: w,= —1, w,=wy=1, Ar=a/100, At= Ar/20=a/200a. This
choice for At satisfies condition (40) because ¢, <o.

Figs. 2-5 and Fig. (7) show the radial stress as a function of the distance ». They show the
plastic region followed by the elastic region at a greater radial distance, with the discontinuity
at the elastic-plastic boundary. The elastic region ends at the elastic wave front.

Y/A02 Ha/axl0 KoK,

0.6 06—
at/a=05 at/azi0
02 oz~ <
a ‘—(
Y02 T-o2f
i i
06 -0.6p""
1.0 -lob
| 1 | | | | | 1 | | | | |
10 15 20 25 30 35 40 10 15 20 25 30 35 40

at/a=l.5. at/e=2.0,

€Eg=0 ——
€370.0E, ~~——
Eg=03E

Ep+09E — —

Figure 3. Radial stress variation with distance at various times, in the case of plastic incompressibility and different
amounts of hardening.

Y/A=02 Basgel0 Ep=E/Z

0.2, at/a=0.5 02 at/a=1.0

t |
15 .20 25 3.0 35 4.0
—rt/a

at/a=2.0

Figure 4 Radial stress variation with distance at various times, in the case of fixed hardening and different values of
plastic bulk modulus.
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Aolasio
°»2if at/0=0.5

| 1 | | | ! ! | | | i ! ! |

Y/A=0.8

-0k
Figure 5. Radial stress variation with distance at various times, in the case of fixed time duration of the applied pulse
and different amounts of yielding.

_Ep=05E, Kp=Q6K,

Aa/a=] Y/A20.2
— Aa/a=1/2
25 o lwaas 2.5~ a
- Y/a=02 Aa/asl nq/q=2
2.0k 2,0[»
L5 L5
2 o
3 3
o
tol frol-
0.5\ 0.5
1 i L ) I 1 L A
005 15 20 25 30 005 i5 26 25 30
—~r/a —r/a
(a) (b}

Figure 6. The propagation of the elasto-plastic boundary : (a) for different amounts of yielding ; (b) for different values of
pulse duration.

o2 gt/ax.0
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a e
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-0.2 ("// 0.2~ 7
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aasax1o
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Fig. 7. Radial stress variation with distance at various times, in the case of fixed amount of yielding and different values
of pulse duration.

Let us examine the effect of the change in E, and K, on the elasto-plastic wave propagation :
(a) In Fig. 3 the radial dependence of ,, is given at various times for the case of plastic in-
compressibility K, =K and various amounts of hardening : E,/E, =0, 0.1, 0.5, 0.9. The solid
line corresponds to a perfectly plastic medium. The results show that the effect of the hardening
on g, is not significant. See also Yang [9] who reaches the same conclusion.

(b) In Fig. 4 the radial stress is similarly examined for the case of fixed hardening E,=E, /2
and different values of plastic bulk moduli: K,/K,=1, 0.9, 0.6, 0.5. Here again results show
only slight changes of the radial stress a,, with K.

In Fig. 5 the radial stress is given for fixed time duration of the pulse and various amounts of
yielding Y/4=0.2, 0.5, 0.8. As could be expected the radial distance between the elastic front
and the elasto-plastic boundary is shortened for lower amounts of yielding. In Fig. 6 the location
of the elasto-plastic boundary at the various times, i.e. its propagation diagram, is given for
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several values of yielding stresses Y and time constants 1/4. One can see clearly the effect of
the applied pulse duration on the location of the boundary, showing that yielding in the material
is dependent on the pulse duration as well as the applied pressure intensity. See also Hopkins
[1]. Thisis also clearly seen in Fig. 7 where the radial stress is given for fixed amount of yielding
Y/A=0.2 and different values of pulse duration ad/x=0.5,1,2.
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